Abstract. We give a separable Brown-Douglas-Fillmore theorem. Let A be a separable amenable C * -algebra which satisfies the approximate UCT, B be a unital separable amenable purely infinite simple C * -algebra and h 1 , h 2 : A → B be two monomorphisms. We show that h 1 and h 2 are approximately unitarily equivalent if and only if [ (A, B) . We prove that, for any ε > 0 and any finite subset F ⊂ A, there exist δ > 0 and a finite subset G ⊂ A satisfying the following: for any amenable purely infinite simple C * -algebra B and for any contractive positive linear map
Introduction
The Brown-Douglas-Fillmore theorem of classification of essentially normal operators ( [BDF] ) is a milestone in both operator theory and operator algebras. One may regard the BDF-theory as a classification of homomorphisms from C(X) into the Calkin algebra. As in topology, where the study of continuous maps from one space to another is fundamentally important, the study of homomorphisms from one C * -algebra to another is also very important. The Calkin algebra is a special non-separable purely infinite simple C * -algebra. It turns out that it is both interesting and important to study homomorphisms (monomorphisms) from a separable 2890 HUAXIN LIN C * -algebra to a (separable ) purely infinite simple C * -algebra. In fact, the classification theorem of Kirchberg and Phillips for separable amenable purely infinite simple C * -algebras can be regarded as a result of classification of homomorphisms from one separable amenable purely infinite simple C * -algebra to another. In this paper, we will study maps from separable amenable C * -algebras to amenable purely infinite simple C * -algebras. Combining a uniqueness theorem of the author with the methods of N. C. Phillips in [P3] and results in [KP] , we prove the following classification of injective homomorphisms: Let A be a unital separable amenable C * -algebra which satisfies the approximate UCT (something weaker than UCT) and let B be a unital separable amenable purely infinite simple C * -algebra. Suppose that h 1 , h 2 : A → B are two unital monomorphisms. Then there exists a sequence of unitaries u n ∈ B such that B) . Moreover, we also show that every element in KL(A, B) can be represented by a homomorphism. When both K 0 (A) and K 1 (A) are torsion free, the above says that two monomorphisms are approximately unitarily equivalent if they induce the same map on K 0 (A) and K 1 (A). This may be viewed as a separable and non-commutative version of the classical BDF-theorem.
It was shown in [Ln1] that for any ε > 0 there exists δ > 0 such that for any pair of unitaries u and v in a purely infinite simple C * -algebra B satisfying uv − vu < δ there exists a commuting pair of unitaries w and z in B such that u − w < ε and v − z < ε.
Related problems in perturbation of rotation C * -algebras and the Heisenberg commutation relation were also studied in [HR] by U. Haagerup and M. Rørdam . A closely-related question was raised. Let θ be an irrational number. Suppose that there is a pair of unitaries u and v in B such that uv = e iθπ vu but uv − e iθπ vu is small. Does there exist a pair of unitaries w and z in B which has the rotation property that wz = e iθπ zw and w − u and z − v are small? We will answer this question affirmatively.
We study a much more general problem. Let B be the class of amenable purely infinite simple C * -algebras and let A be a unital separable amenable C * -algebra. We study the following problem: Which separable amenable C * -algebras are weakly stable (see 2.2) with respect to B? In other words, we want to know when A satisfies the following: For any ε > 0 and any finite subset F ⊂ A, is there δ > 0 and a finite subset G ⊂ A such that for any contractive positive linear map L : A → B for any B ∈ B which satisfies
L(ab) − L(a)L(b) < δ for all a ∈ G there exists a homomorphism h : A → B such that h(a) − L(a) < ε for all a ∈ F?
We find that the last question is closely related to the classification of homomorphisms from A to B. To avoid complication caused by quotients of A and to simplify the terminology, one may assume L to be "approximately injective". For example, we may further assume that L(a) ≥ (1/2) a for all a ∈ G. With this additional restriction, we prove that any unital separable amenable C * -algebra A which satisfy the approximate UCT and have finitely generated K i (A) (i = 0, 1) are (approximately injective) weakly stable with respect to the class B. To remove this additional "approximately injective" condition, we show that any unital separable amenable simple C * -algebras which satisfy the AUCT and have finitely generated K i (A) (i = 0, 1) are in fact weakly stable with respect to B. Since irrational rotation C * -algebras are simple, this result gives an affirmative answer to the question about perturbation of rotation C * -algebras mentioned above. (Relative) weakly stable C * -algebras and (relative) weakly semiprojective C * -algebras have been studied before. A nice treatment can be found in T. Loring's book [Lo3] . However, very few finite separable amenable C * -algebras are known to be (relative) weakly stable or weakly semiprojective. In this sense, the results obtained in this paper (7.5, 7.6, 7.7 and 7.8) are somewhat unexpected.
The condition that K i (A) are finitely generated is not necessary regarding the problem about relative weakly stability of the unital separable amenable C * -algebras. For example, for most cases, the results about weakly stability hold when K i (A) are direct sums of finitely generated abelian groups. However, it is not possible to proceed further from here. To be any form of weakly stable (or weakly semiprojective), K i (A) has to be a direct sum of finitely generated abelian groups. In particular, we show that no UHF-algebras are weakly stable with respect to B.
The paper is organized as follows. Section 2 lists some of the notation and conventions that are used in the paper. Section 3 is devoted to the study of maps to O 2 . It is shown that all separable amenable C * -algebras are "approximately injective" weakly stable with respect to O 2 and all separable amenable simple C * -algebras are weakly semiprojective with respect to O 2 . We give some preliminary results about approximately multiplicative sequences of contractive completely positive linear maps in section 4. In section 5 we give a sequential version of Phillips's results on asymptotic morphisms. In section 6, we give the classification of monomorphisms from a separable amenable C * -algebras to separable amenable purely infinite simple C * -algebras. We study the weak stability of separable amenable C * -algebras in section 7. We also present one of the main theorems on weak stability there. In the last section, we show that for every (pf) weakly stable C * -algebra A, K * (A) must be a countable direct sum of finitely generated abelian groups.
Preliminaries
We will use the following conventions: Let A and B be C * -algebras and φ, ψ : A → B be two maps. Let ε > 0 and F ⊂ A.
(1) We write φ ≈ ε ψ on F if φ(a) − ψ(a) < ε for all a ∈ F.
(2) We write (4) Let {B n } be a sequence of C * -algebras. We will use the following notation:
(6) Let A be a C * -algebra. We denote by d n : A → M n (A) the map defined by d n (a) = diag(a, a, ..., a), where a ∈ A is repeated n times on the diagonal.
(7) Let L : A → B be a linear map, let G be a subset of A and let ε > 0. We say
Definition 2.1. Let A and B be two C * -algebras. Recall that a contractive completely positive linear map φ : A → B is amenable if for any ε > 0 and any finite subset F ⊂ A, there exist two contractive completely positive linear maps
Recall that a C * -algebra is said to be amenable if id A is amenable.
Definition 2.2. Fix a class of C * -algebras D. Let A be a separable amenable C * -algebra. We say A is weakly stable with respect to D if, for any ε > 0 and any finite subset F ⊂ A, there exists δ > 0 and a finite subset G ⊂ A satisfying the following: for any B ∈ D and any positive linear contraction L : A → B which is G-δ-multiplicative, there exists a homomorphism h :
It should be noted that here δ and G depend only on ε and F . They do not depend on B.
Definition 2.3. Fix a class of C * -algebras D. Let A be a separable amenable C * -algebra. We say that A is weakly semiprojective with respect to D, if for any sequence B n ∈ D and a homomorphism φ :
This definition can be found in T. Loring's book [Lo3] with a slight modification. Proof. Suppose that A is weakly stable with respect to D. Let {B n } be a sequence of C * -algebras in D and let φ : A → q ∞ ({B n }) be a homomorphism. Suppose that {F n } is an increasing sequence of finite subsets of A such that n F n is dense in A. Let {G n } be finite subsets of A and δ n > 0 satisfying the following: for any License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Since A is amenable, by [CE] , there exists a contractive completely positive linear map Φ :
There is, for each k, an integer n(k) such that n(k + 1) > n(k) and
By the choice of G n and δ n , we obtain homomorphisms h n : A → B n such that
Thus A is weakly semiprojective with respect to D.
Now we assume that A is weakly semiprojective with respect to D and is not weakly stable. Thus, for some ε 0 > 0 and some finite subset F 0 ⊂ A, there exists a sequence of B n ∈ D and a sequence of F n -1/2 n -multiplicative contractive completely positive linear maps
where the infimum is taken among all homomorphisms
Since A is weakly semiprojective with respect to D, there is a homomorphism
for all a ∈ A. This contradicts the assumption that
Therefore A is weakly stable with respect to D.
In what follows, we will not distinguish weakly stable from weakly semiprojective (with respect to D). Definition 2.5. Fix a class of C * -algebras D. Let A be a separable amenable C * -algebra. A is said to be api-weakly stable with respect to D, if for any ε > 0 and any finite subset F ⊂ A, there exists δ > 0 and a finite subset G ⊂ A satisfying the following: For any B ∈ D and any positive linear contraction L : A → B which is G-δ-multiplicative such that L(a) ≥ (1/2) a for all a ∈ G, there exists a homomor-
(Here "api" stands for approximately injective.) Definition 2.6. Let A be a separable amenable C * -algebra. A is said to be apfweakly semiprojective with respect to D, if for any sequence {B n } in D and any full homomorphism h :
Here "apf" stands for approximately full. One may state this in the form of "apf-weakly stable" (see 5.8 and 5.9 in [Ln10] ).
We conclude this section with the following theorem. Proof. Let {F n } be an increasing sequence of finite subsets of the unit ball of A such that ∞ n=1 F n is dense in the unit ball of A. We may further assume that
is also dense in the set of positive element in the unit ball of A. Suppose the theorem is false. This means that for some ε 0 > 0 and some finite subset F 0 ⊂ A in the unit ball, there exists a sequence of C * -algebras B n in D and a sequence {φ n } of F n -1/n-multiplicative positive linear contractions from A to B n with φ n (a) ≥ 1/2 a for all a ∈ F n such that
Then φ is a homomorphism. We claim that φ is full. In fact, for any a ∈ A + \ {0} with a = 1, there is b ∈ F m ∩ A + for some m such that
Since B n has real rank zero (see [Zh3] ), it follows from Lemma 6.4 in [Ln10] that there exists a non-zero projection e n ∈ B n such that b n ≥ (3/8)e n . In B n , there exists a partial isometry v n ∈ B n such that v * n e n v n = 1.
Thus we obtain an element z n ∈ B n such that z n < 16/3 and 
Proof.
Since φ is amenable, so is ψ. Fix F and ε > 0, it is well known that there is completely positive linear map ψ : B → B such that ψ = ψ and
where F 1 = {h(a) : a ∈ F} (see for example 2.3.13 in [Ln7] ). It follows from Proposition 1.7 in [KP] that there is an isometry s ∈ B such that
Therefore
with S * S = 1 n and SS * = 1 satisfying the following: For any separable subspace
Proof. There is an isometry s ∈ M n (O 2 ) such that s * s = 1 n and ss * = 1.
is the quotient map. Since both E and
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Proof. Let F be a finite subset of A which contains the identity of A. It suffices to show that, for any 1/2 > ε > 0, there exists an isometry T ∈ q ∞ (O 2 ) such that
Let ε/4 > δ > 0. Since h is full, by 5.4.1 in [Ln7] , there is an integer n > 0 and contraction
Since 1 A ∈ F and ψ is unital, we have
It follows from 3.2 that there exists an isometry
One should compare the following with Lemma 2.2 in [KP] . The point of the following lemma is that the lifting map can be chosen as a monomorphism. 
commutes.
Moreover, if, in addition,
A is assumed to be simple, the above also holds without assuming h is full.
Proof. We first prove the case in which h is full.
Write ψ(a) = (ψ 1 (a), ψ 2 (a), ...), where ψ k : A → O 2 are unital completely positive linear maps. It follows from 2.8 in [KP] that there is unital embedding
is the quotient map. It is easy to check that J is full. It follows from 3.2 that there is a sequence of isometries s n , t n ∈ q ∞ (O 2 ) such that
The existence of such λ is given by [Ro3] . Defineĩ :
Since A is separable, so are ψ(A) and J 0 (A). Thus we havẽ
It is easy to check that both maps are injective. Sinceλ is surjective, so isλ, whencē λ is an isomorphism. With the notation above, from above, we havē
is a unital embedding. It follows from Lemma 6.3.7 in [Ro4] that
There is, for each k, a sequence of unitaries
For each k, from the above inequality, we obtain m(k) such that
Now we consider the case in which A is a separable unital simple exact C * -algebra and h is not assumed to be full.
(O 2 ). We may view h as a homomorphism from A to q
(O 2 ). We now claim that h is full in q
(O 2 ). It now follows from what we have proved that there is a homomorphismh : Proof. This follows from Theorem 2.7 and Theorem 3.4.
Approximately multiplicative maps
Definition 4.1. Let A and B be two C * -algebras and let ψ n : A → B be a sequence of maps from A to B. We say that {ψ n } is approximately linear if
and is approximately multiplicative if
respectively.
Definition 4.2. Let φ n , ψ n : A → B be two sequences of maps. We say that {φ n } and {ψ n } are approximately equal if
We say {φ n } and {ψ n } are approximately unitarily equivalent if there exists a sequence of unitaries {u n } inB such that
We say two sequences {φ n } and {ψ n } (of approximately multiplicative (amenable) contractive completely positive linear maps) are homotopic if there is a sequence The following lemma follows from 1.13 in [KP] . Proof.
Thus we may assume that both φ 1 and φ 2 are unital. We can then apply 1.13 in [KP] . 
Proof. To simplify notation, without loss of generality, we may assume that φ n (1 A ) = e n are projections in D ⊗ K. We identify O 2 with its image given by property (P). It follows from [KP] that there is an embedding j : A → O 2 . By replacing {φ n } by {φ n ⊕ j}, we may assume that {φ n } are full. Let F 1 ⊂ F 2 , ... be an increasing sequence of finite subsets of A such that its union is dense in A. We may assume that 1 A ∈ F 1 . Let ε n be a decreasing sequence of positive numbers such that lim n→∞ ε n = 0. It follows from 5.4.2 in [Ln7] that there is an integer k(n) > 0 and a contraction V n ∈ D ⊗ K such that
, without loss of generality, we may assume that S * n S n = e n and S n S *
Finally, since j is a homomorphism, we conclude that {φ n (a)} = {Z * n j(a)Z n } is approximately multiplicative. 
. Fix ε > 0 and a finite subset F ⊂ A. For any sufficiently large n, let 0 = t 0 < t 1 < t 2 < · · · < t k+1 = 1 such that
There is a unitary
We also have, by 1.13 in [KP] ,
Combining these we have
In other words, 
Proof. Let F 1 , F 2 , ... be an increasing sequence of finite subsets of A such that its union is dense in A. There is, for each j, an integer m(j) such that
This proves the claim. Since {φ n } is approximately multiplicative, we conclude that h is a homomorphism.
The functor E A
In this section, we will study the functor E A (defined in 5.7). These results are similar to the results in a paper of N. C. Phillips ([P3] ). In [P3] , the asymptotic morphisms are from a separable amenable simple C * -algebra A to B + ⊗ O ∞ ⊗ K. We do not assume that A is simple. The equivalence for asymptotic morphisms used in [P3] is the approximately unitary equivalence (or homotopy equivalence). Here we use a much weaker stable equivalence. But the main difference is that we consider a sequence of contractive completely positive linear maps, while in [P3] a family t → φ t of maps was considered. However, all proofs here closely follow from those in [P3] . The main purpose of this section is to prove Theorem 5.18.
Definition 5.1. Let C n be a commutative C * -algebra with K 0 (C n ) = Z/nZ and [S3] ). One has the following six-term exact sequence ([S3]):
As in [DL2] , we use the notation
There is a second six-term exact sequence (see [S3] ):
) we mean all homomorphisms from K(A) to K(B) which respects the direct sum decomposition and the above two six-term exact sequences (see [DL2] ). It follows from the definition in [DL2] that if x ∈ KK(A, B), then the Kasparov product (associated with x) gives a homomorphism
It is shown by Dadarlat and Loring ([DL2] ) that if A is in N , then for any σ-unital C * -algebra B, Γ is surjective and ker Γ = P ext(K * (A), K * (B)).
Let 0 → I → B → C → 0 be a short exact sequence of C * -algebras. From the six term exact sequences
one easily obtains the following.
Proposition 5.2. Let A be a separable C * -algebra and let
be a sequence of σ-unital C * -algebras. Then one has the following six-term exact sequence:
where the map∂ is induced by the index map 
and its unitization. Let P be the set of projections in M n (A), M n (Ã ⊗ C n ) and M n (Ã ⊗ C n ⊗ C(S 1 )). As discussed in [Ln5] and other places such as [DE1] , given a finite subset P ⊂ P(A), there exists δ > 0 and a finite subset F , such that any F -δ-multiplicative contractive completely positive linear map L : A → B uniquely defines a map from [P] to K (B) . Let G be the group generated by P; with an even larger Definition 5.4. Let A be a separable unital amenable C * -algebra. We fix an embedding j o : O 2 → O ∞ . Let B be another C * -algebra. We use B + for the C * -algebra obtained by adding an identity to B (even if B has a unit). We identify
In what follows, we will use j for j o • ı whenever it is convenient.
An asymptotic sequential morphism φ = {φ n } from A to B # is a sequence of approximately multiplicative contractive completely positive linear maps {φ n } from A to B # such that there is an element α ∈ Hom Λ (K(A), K(B # )) with the property that [φ n ]| P = α| P for any finite subset P ⊂ P(A) and all sufficiently large n.
We say two asymptotic sequential morphisms φ = {φ n } and ψ = {ψ n } are equivalent if there exists a sequence of unitaries u n ∈ B # such that, for all a ∈ A,
We will write φ ∼ ψ if φ and ψ are equivalent. Denote by {A, B # } the equivalent classes of asymptotic sequential morphisms from A to B # . If φ = {φ n } is an asymptotic sequential morphism from A to B # , we denote by φ the equivalence class containing φ.
Since
we can add two elements by defining φ + ψ to be φ ⊕ ψ .
Proposition 5.5. Let φ = {φ n } and ψ = {ψ n } be two asymptotic sequential morphisms. If φ ∼ ψ, then there is unique α ∈ Hom Λ (K(A), K(B # )) such that for any finite subset P ⊂ P(A),
for all sufficiently large n.
) such that, for any finite subset P ⊂ P(A),
for all large n. Since there exists a sequence of unitaries {u n } in B # such that
Proof. From the definition, it is immediate that j represents the zero element. Let φ = {φ n } be an asymptotic sequential morphismfrom A to B # . It follows from 4.5 that there is a sequence of approximately contractive completely positive linear maps {φ n } from A to B # and a sequence of unitaries u n ∈ B # such that 
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and
Since we may assume that
. Therefore we may write that
Proposition 5.9. Let A be a unital separable amenable C * -algebra. Then E A is a functor from separable C * -algebras and * -homomorphisms to abelian groups.
Proof. It follows from the definition and 5.8 that E A (B) is an abelian group for all σ-unital C * -algebras. For functoriality, let C be another separable C * -algebra and let h : B → C be a homomorphism. We extend it to obtain a homomorphismh :
Therefore {φ n } → {h • φ n } sends asymptotic sequential morphisms to asymptotic sequential morphisms. Moreover, one checks that {h
If g : C → D is also a homomorphism, then it is easy to check that (g • h) * = g * • h * . Moreover, it is obvious that (id B ) * = id EA (B) .
Remark 5.10. Suppose that φ = {φ n } is an asymptotic sequential morphism from B # to C # . For any asymptotic sequential morphism {ψ n } which represents an element ψ in E A (B) , {φ n • ψ n } gives an element in E A (C). It follows that φ also induces a homomorphism from E A (B) to E A (C).
Lemma 5.11 (cf. 3.16 in [P3]). Let A be a unital separable amenable
is exact in the middle. 
# be a continuous (not necessarily linear) cross section of π # satisfying σ(0) = 0 (given by [BG] ). Define
Since σ is continuous, we have
for all a ∈ A. Therefore {ψ n } is an approximately linear, self adjoint and multiplicative map (not necessarily linear or positive) from A to I # . Since A is amenable, it follows from 1.1.5 in [P3] that there is a sequence of approximately multiplicative contractive completely positive linear maps ψ n : A → I # such that
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for all a ∈ A. Therefore
If there is a C * -subalgebra J ⊂ B such that J is contractible and I ⊂ J, then it follows from 4.6 that there are unitaries z n ∈ B # such that
for all a ∈ A. Combining the above two limits, we see that φ = 0. This implies that π * is injective. This proves (2). To prove (1), let α ∈ Hom Λ (K(A), K(B ∞ )) such that, for any finite subset P ⊂ P(A),
[φ n ]| P = α| P for all sufficiently large n. Since the map
is injective, it has a left inverse [ı] −1 . Then, one checks that
for all sufficiently large n. So {ψ n } is an asymptotic sequential morphism and {ψ n } ∈ E A (I). Moreover {ı • ψ n } = φ and {ψ n } ∈ imı * . This completes the proof. 
Lemma 5.13. Let A be a separable amenable C * -algebra and
be a split short exact sequence of separable C * -algebras. Then we have the following split short exact sequence: 
(B/I) → S(B, B/I) → B → 0, we see that the map E A (S(B, B/I)) → E A (B) is injective. We again note that Z(I, B) is homotopically equivalent to I, and the composition I → Z(I, B) → S(B, B/I) → B coincides with ı.
By 5.12, ı * is also injective.
, where e 11 is a rank one projection in K. The mapẽ induces a mapẽ * : E A (B) → E A (B ⊗K). It should be noted that e 11 may be chosen to be any rank one projection in K.
Lemma 5.14 (cf. 3.1.11 in [P3] ). Let A be a separable unital amenable C * -algebra.
Proof. Fix a rank one projection e 11 in K. Let φ : O ∞ → K ⊗O ∞ be the homomorphism defined by φ(a) = e 11 ⊗ a for a ∈ O ∞ . Fix an approximate identity {e n } of K ⊗ O ∞ which consists of projections with e 1 = e 11 ⊗ 1 O∞ .
n (a) = d n ad n for all n and a ∈ K ⊗ O ∞ which is equivalent to id K⊗O∞ . Put ψ = {ψ n }.
Defineẽ :
We see thatẽ andf induce homomorphisms from E A (B) License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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to E A (B ⊗ K) and from E A (B ⊗ K) to E A (B) . The fact that φ • ψ is equivalent to id K⊗O∞ implies thatẽ •f induces the identity map from E A (B ⊗ K) to itself.
Consider
n . By identifying e 11 ⊗ a with a, we may view s n = u n e 1 as an isometry in O ∞ . There is a unitary W n ∈ O ∞ ⊗ K such that W n (1 ⊗ e 11 ) = s n . Therefore one sees that ψ • φ induces an isomorphism on E A (B) . It follows thatẽ * is an isomorphism.
We summarized the main results of this section as follows: 
(A, B) = Ext(A, B). We denote by T (A, B) the set of equivalence classes of stably approximately trivial extensions (see [Ln10]). It was shown that T is a subgroup of Ext(A, B).
Let A be a separable amenable C * -algebra and let B be a σ-unital C * -algebra. Recall (see [Ln10] ) that A is said to satisfy the Approximate Universal Coefficient Theorem (AUCT) if the mapΓ is an isomorphism. It is equivalent to have the following exact sequence:
Recall that KL(A, B) = KL
0 → P ext Z (K * (A), K * (B)) → KL(A, B) → Hom(K * (A), K * (B)) → 0.
It is known and it is easy to see that KL(A, −), Hom Λ (K(A), K(−)), KL(A, − ⊗ O ∞ ) and Hom Λ (A, − ⊗ O ∞ ) are functors from category of C
* -algebras with * -homomorphisms to abelian groups. It is known that both KL(A, −) and Hom Λ (K(A), K(−)) are homotopy invariant, stable and split exact. From this fact, it is rather routine to check that the latter two are also homotopy invariant, stable and split exact.
Definition 5.17. Let A be a unital separable amenable C * -algebra and let B be a separable C * -algebra. Given φ ∈ E A (B), which is represented by an asymptotic sequential morphism {φ n } from A → B # , it follows from 5.5 and 5.8 that there is a unique α ∈ Hom Λ (K(A), K(B ∞ )) such that [φ n ]| P = α| P for all finite subsets P ⊂ P and all sufficiently large n. Let β B ( φ ) = α. Then β B gives a homomorphism from E A (B) to Hom Λ (K(A), K(B ⊗ O ∞ ) ). This defines a natural transformation β from the functor E A to the functor
To see this, let h : B → D be a homomorphism and φ = {φ n } ∈ E A (B) .
In other words, we have (A, B ∞ ) ).
Proof. It is easy to see thatΓ is a natural transformation from the functor KK(A, −) to the functor Hom Λ (K(A), K(−⊗O ∞ )). It follows from a result of Higson [H] that there is a unique natural transformation α from KK(A, −) to E
Corollary 5.19. Let A be a unital separable amenable C * -algebra and let B be a unital separable C * -algebra. Then for any α ∈Γ 1 (KL(A, B) ), there exists an asymptotic sequential morphism {φ n } which maps A into B ∞ such that, for any finite subset P ⊂ P(A),
for all sufficiently large n. 
Proof. By 5.18 there is an element {φ
n } ∈ E A (B) such that [ {φ n } ] = α. Since B is unital, we may write B # = B ⊗ O ∞ ⊗ K ⊕ O ∞ ⊗ K. Therefore we may write φ n = φ n ⊕ φ n ,
The isomorphism with KL
The following is just a variation of the Theorem 3.9 in [Ln10] . An earlier version can be found in [Ln3] . A proof can also be found in [Ln7] . KK(A, B) .
Then, for any ε > 0 and finite subset F ⊂ A, there is an integer n and a unitary w ∈ U (M n+1 (B) ) such that
Proof. Theorem 3.9 in [Ln10] assumes that B is unital and h 0 , h 1 and h 2 are all unital. We will reduce the case here to the unital case. Since h 0 is full, e = h 0 (1 A ) is a full projection in B. Then there is an integer k such that h 1 (1 A ) and h 2 (1 A ) are equivalent to some projections in EM k (B)E, where E = diag(e, .., e), and where e repeats k times. Without loss of generality, we may assume that h 1 (1 A ) and
, where h 0 repeats mk times. By replacing H 1 by ad U •H 1 for some unitaries U ∈ M 2mk+2 (eBe) we may assume that
, where h 0 repeats mk times in Φ and Ψ and h 0 repeats mk + 1 times in H 0 . Then this theorem follows from the unital version in [Ln10] (Theorem 3.9).
Theorem 6.2. Let A be a unital separable amenable C * -algebra and let B be a sep-
Proof. By 5.18, it suffices to show that β B is injective. Let
Suppose that φ and ψ are represented by φ = {φ n } and ψ = {ψ n }, respectively. Since B is unital, we may write
are approximately unitarily equivalent to j, we have that, for any finite subset P ⊂ P(A), there exists N > 0 such that
for all large n ≥ N . It follows from 2.9 in [GL1] (see also Remark 2.1 in [GL2] ) that
By the assumption thatΓ 1 is injective, we obtain [
. Note that h 3 is full. It follows from 6.1 that there is a sequence of integers {m(n)} and a sequence of unitaries w n ∈ q ∞ (B ∞ ) such that
as n → ∞ for all a ∈ A. Let {φ n } be the sequence of the maps given by 4.5 corresponding to {φ n }. DefineΦ :
as n → ∞ for all a ∈ A, where w n is a unitary in U ( q ∞ (B ∞ )). However, by the choice ofφ n , we have
for all a ∈ A, where z n is another sequence of unitaries. There is a unitary
as n → ∞ for all a ∈ A. From here we conclude that φ = ψ . 
Proof. Suppose the theorem is false. Let {δ n } be a decreasing sequence of positive numbers such that lim n→∞ ε n = 0, let {F n } be an increasing sequence of finite subsets of A such that ∞ n=1 F n is dense in A and let {P n } be an increasing sequence of finite subsets such that 
is the quotient map. It follows from the proof of 6.2 thatΓ
The same proof of 6.2 shows that there exists an integer m and a unitary in w ∈ M m (q ∞ ({B
such that π (U ) = w. Therefore there exists an integer N such that for all n ≥ N,
for all a ∈ F 0 . This gives a contradiction.
Lemma 6.4. With the same hypothesis, elements in E A (B) can be represented by homomorphisms from
Proof. Let φ ∈ E A (B) be represented by {φ n } and ξ = β B ( φ ). Fix ε > 0 and a finite subset F . Let δ, G and P be as required in 6.3. There exists N > 0 such that φ n are G-δ-multiplicative and [φ n ]| P = ξ| P for all n ≥ N. By 5.19, we may assume that φ n maps into B ∞ . It follows from 6.3 that there exists, for each n, a unitary u n,k ∈ B ∞ such that
for all a ∈ F and n ≥ N. By applying 4.7 we obtain a subsequence {m(k)} and a sequence of unitaries Proof. It is proved in [KP] that, under the assumption in the theorem, B ∞ ∼ = B⊗K. Thus this theorem follows from 6.5.
The following is the one of the main results of this paper. 
for all a ∈ A if and only if KL(A, B) .
Moreover, for any x ∈ KL(A, B), there exists a monomorphism
Proof. The last part of the theorem follows from 6.4 and 6.6.
It was proved by Rørdam (5.4 in [Ro2] ) that the "only if" part holds. We will present the proof for the other direction. Let ε > 0 and F be a finite subset of A. It follows from 6.6 that there exists a unitary u ∈ M 2 (B) such that
for all a ∈ F. It follows from 2.8 in [KP] and 4.11 in [P3] (see also (iii) in 8.2.5 in [Ro4] ) that there exists a homomorphism φ : B → B which factors through O 2 and an isometry v ∈ M 2 (B) with v * v = 1 M2 (B) and vv (F ) . Since φ factors through O 2 , it follows from 3.6 in [Ro1] that there are unitaries z 1 , z 2 ∈ B such that
Proof. Write G 0 = G 0 ⊕ G 0 , where G 0 is a free group and G 0 is a finite abelian group. It suffices to prove the lemma for the case that G 0 is finite. Suppose that
Suppose that r i is the order of λ(s i ). Then, for each i, there is n i > 0 such that
Lemma 7.2. Let {G(n, 1)}, {G(n, 2)}, ..., {G(n, k)} be k sequences of abelian groups and let F 1 , ..., F k be k finitely generated abelian groups. Let
that the following diagram commutes for every i:
y y t t t t t t t t t
Moreover, there exists N ≥ 1 satisfying the following: ifγ i :
Proof. It follows from 7.1 that there is σ i :
for all i. Moreover we have the commutative diagram in the statement of the lemma for every i.
If F k = F 1 and α k = α 1 , as above, by choosing possibly even larger N 1 , we may choose γ k = γ 1 .
The following two lemmas are taken from [DR] (1.3 in [DR] 
Proof. Since A is amenable, there exists a contractive completely positive linear
where each ψ n : A → B n is a contractive completely positive linear map. Let {F n } be an increasing sequence of finite subsets of A such that ∞ n=1 F n is dense in A. There is a sequence of projections e n ∈ B n such that
Without loss of generality, by replacing ψ n by e n ψ n e e , we may assume that ψ n (1 A ) ≤ e n for all n. By replacing B n by e n B n e n , we may also assume that B n are unital. It follows from (iii) in [Ro4] (see also 2.4 in [P2] ) that there is an embedding k = 2, 3, .... We have the following commutative diagrams:
It follows from 7.2 that for any 0 ≤ k ≤ k 2 0 , we obtain homomorphisms α :
Furthermore we have the commutative diagram 
x r r r r r r r r r r r P
. It follows from 6.4 and 6.5 that there is a homomorphism h n :
.., and ∞ n=1 F n is dense in A, and a decreasing sequence of positive numbers ε j such that lim j→∞ ε j = 0. For each j, let δ j > 0, P j ⊂ P(A) and G j be finite subsets associated with ε j , F j and A as required by 6.3. There is n(j) > 0 such that L n : A → B n is G n -δ n -multiplicative, and [L n ]| Pj is well defined for all n ≥ n(j). Furthermore, we may also assume (with perhaps even larger n(j)) that
for all n ≥ n(j). It follows from 6.3 that there is a unitary u(j, n) ∈B n such that
In the proof of 6.7, we absorb j by applying 4.1.1 in [P3] (also (iii) in [Ro4] ). Here we apply 7.4. As in the proof of 6.7, we have (
where w(j, n) is also a unitary.
Define
, there is a sequence of projections e n ∈ B n such that p n − e n → 0 as n → ∞. We obtain unitaries v n ∈ B n ⊗ K such that n for a ∈ A, n = 1, 2, . ... Then H n : A → B n is a homomorphism and
Corollary 7.6. Let A be as in 7.5. Then A is api-weakly stable.
Proof. This follows from 7.5 and 2.7 immediately.
The proof of the following is similar to the last part of the proof of 3.4.
Theorem 7.7. Let A be a unital separable simple amenable C * -algebra with finitely generated K i (A) which satisfies the AUCT. Then A is weakly stable respect to B.
Proof. Let {B n } be a sequence of purely infinite simple amenable C * -algebra and Proof. Let A θ be the irrational rotation C * -algebra which is generated by two unitaries u and v with the relation uv = e iθπ vu. We also know that K i (A θ ) = Z ⊕ Z as abelian groups. Furthermore A θ is a simple unital separable amenable C * -algebra. Then the corollary follows from the fact that A θ is weakly stable with respect to B.
8. Direct sums of finitely generated abelian groups Proposition 8.1. Let G be a countable abelian group. Then the following are equivalent:
(1) G = ∞ n=1 G n , where G n ⊂ G n+1 and each G n is finitely generated and for all n, there exists m(n) ≥ n such that there is ψ n : G → G m(n) satisfying (ψ n )| Gn = id Gn . • φ s(k) (g)} for g ∈ G.
To verify κ • ψ = h, we let g ∈ G j . Then for all k ≥ n(j),
for all g ∈ G j . This implies that
(2) ⇒ (1). Since G is countable, let {g n } be a set of generators and let G n be generated by g 1 , ..., g n . We write G = ∞ n=1 G n , where each G n is finitely generated and G n ⊂ G n+1 . Denote by ı n the homomorphism from G n to ∞ n=1 G n , and by ı n (g) = (0, ..., 0, g, g, ..., g, . ..) (there are n − 1 zero's) for g ∈ G n . This gives a homomorphism h :
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Proof. Let G = ∞ n=1 G n , where each G n is a finitely generated abelian group. It is easy to see that G satisfies condition (1) in 8.1.
To see the converse, we apply (1) in 8.1. Write G = ∞ n=1 G n as in (1) in 8.1. Define a homomorphism Ψ :
It is a homomorphism. For any g ∈ G n , ψ n (g) = g (by (1) in 8.1) which implies that Ψ is injective. Thus G is isomorphic to a subgroup of the direct sum
It follows from 18.1 in [F] that G is also a direct sum of cyclic groups. Hence G is a direct sum of finitely generated abelian groups. Proof. It follows from 2.7 and 2.4 that it suffices to show that A is not api-weakly stable with respect to B.
Denote by f n,m (m > n) and f n,∞ the homomorphisms from A n to A m and from A n to A induced by the inductive limit, respectively. Let G n,i = (f n,∞ ) * (K i (A n )). Then each G n,i is finitely generated. It follows from [Ro2] that there is a separable amenable purely infinite simple C * -algebra B n such that K i (B n ) = G n,i . It follows from 6.4 and 6.5 that there is a monomorphism h n : A n → B n such that (h n ) * i = (f n,∞ ) * i , i = 0, 1. Let {F n } be an increasing sequence of finite subsets of A such that F n ⊂ A n and n F n is dense in A. Since both A n and B n are amenable, there exists a contractive completely positive linear map φ n : A → B n such that φ n (a) − h n (a) < 1/2 n for all a ∈ F n . Define L : A → We note that for each j, there is m(j) such that h n (a) ≥ (1/2) a for all a ∈ F j
